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What is logical extrapolation?

Train
Test

« Out-of-distribution (OOD) generalization is the ability for a model to perform well on
test data distributed differently from training data.

« Logical extrapolation is OOD generalization to harder problems.
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Recurrent and implicit neural networks
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4 end for

5> return
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Recurrent and implicit neural networks

d y
X1 X9 X

Recurrent Neural Network (RNN) Implicit Neural Network (INN)
1 Choose z, depth k 1 Choose z,, max depth K, tolerance ¢
2 forj=1,...,kdo 2 fork=1,..., K do
3 | @« F(x,;_1,0,d) 3 | x; < Solver(x;_q,6,d)
4 end for 4 | if |z, —x4_1| < € then break
5 return 5 end for

(@)

return x, (z, ~ F(x.,0,d))
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Research questions

Prior work

Can RNNSs/INNs perform logical extrapolation?
« Yes: (Anil et al., 2022; Bansal et al., 2022)

This work

(1) Do RNN/INNs learn a known algorithm?
(2) What do iterates converge to, and does it matter?
(3) How does training diversity affect extrapolation?

3/25



Problem

4/25



Maze solving
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Out-of-distribution shifts
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Extrapolating with mazes
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Do RNN/INNs learn a known algorithm?

« RNN approximately learns the “deadend-filling” algorithm

« Models fail on mazes with loops (goal misgeneralization)
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RNN predictions

Inputs Solutions Predictions
- . .
much larger mazes
but fails to solve Inputs Solutions Predictions

mazes with loops.
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INN predictions

Inputs Solutions Predictions
The INN can solve
larger mazes with
loops, and

Inputs Solutions Predictions

sometimes finds
alternate paths.
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INN predictions
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Agreement with deadend filling algorithm
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What do iterates converge to, and does it matter?
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What do iterates converge to, and does it matter?
o Prior hypothesis: iterates {z{, ...,z } CR"
converge to a fixed point

« We use Topological Data Analysis (TDA) to
characterize limiting behavior

 Found four limiting behaviors:
» Fixed point: [B,, B;| = [1, 0]

» Two-point cycle: [B,, B;| = [2, 0]

» One-loop cycle: [B,, B;] = [1, 1]

» Two-loop cycle: [By, B;] = [2, 2]
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Iterate dynamics

3.2
3.0 1.2
0.6

=~ 28 0.0 PC3
=
g 0.6
z 26 -1.2
a2 1.2

24

1.2 0.0
22 0.6 0.0 20.6 PC2
3,000 3,100 3,200 3,300 3,400 rc1 %% 370

112
= 11.0
—]
2 10.8
=~

10.6

10.4

3,000 3,100 3,200 3,300 3,400

Iteration

15/ 25



TDA results

« INN: always converges to fixed point
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TDA results

INN: always converges to fixed point

RNN: also converges to two-point, one-loop, and two-loop cycles

RNN extrapolates to larger mazes despite converging to cycles

No obvious correlation between limiting behavior and accuracy

Fixed-point convergence is not necessary for extrapolation.
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How does training diversity affect extrapolation?
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Testing extrapolation
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Thank you!

(1)
o Partially. An RNN approximately learns deadend-filling,.

(2)

- Fixed points or cycles. No, it doesn’t seem to matter.

(3)
» Slight diversification dramatically improves performance on mazes

with loops. But diversified models don’t appear algorithmic, and
extrapolation to larger mazes diminishes.

maze dataset package
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Appendix




Architecture diagram
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Test accuracy (appendix)
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Overall extrapolation
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Betti number frequencies

Model [By,B,] 9 19 29 39 49 59
DT-Net [1,0* 15 0 0 0 0 O
1,1] 6 6 0 0 0 O
2,00 79 88 95 100 98 98
2,1] 0 1 0 0 0 O
2,2 0O 5 5 0 2 2
PI-Net [1,0]* 100 100 100 100 100 100
IT-Net [1,0]* 100 100 100 100 100 100

Frequencies (%) across maze sizes n X n. DT-Net usually converges to a two-point cycle (|2, 0]), while PI-Net and
IT-Net always converge to a fixed point ([1, 0]). *Converged to within 0.01.
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