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What is an implicit network?

An implicit neural network (INN) is defined by a parametrized function F' whose
fixed point z* is the network’s output.

2*(0,d) = F(z*(0,d),0,d)

« £*(0,d): fixed point
« 0: parameters

e d: data
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Applications of INNs
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The training bottleneck

Training an INN on data d ~ P is a bilevel optimization problem:

min L(0) :=E, (x*(0,d),d)
‘ (INN-TP)
s.t. z*(0,d) = F(x*(0,d),0,d) V0,d
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Stochastic Gradient Method

Stochastic gradient method (SGM)

1 Input: initial 81, step size o > 0, iterations T’
2 fort=1,...,T do
3 | Sample d* ~ P,

4 | Compute stochastic gradient estimate v(6", d")
5 Oitt «+— 0" — - v(6%, dY)
6 end for

7 Sample A7 uniformly from {6, ..., 67}

8 Output: T
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Hypergradient

« Solving (INN-TP) with SGM requires estimating the hypergradient VL(0):

VL) =V,E, £(x*(0,d),d) (definition of L)
=E,Vyl(x*(0,d),d) (Leibniz)
—E, V. l(z*,d)- (I —JF(z*0,d)” " - J,F(z*,0,d) (implicit differentiation)

=V ,L(0,d)
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Hypergradient

« Solving (INN-TP) with SGM requires estimating the hypergradient VL(0):

VL) =V,E, £(x*(0,d),d) (definition of L)
=E,Vyl(x*(0,d),d) (Leibniz)
—E, V. l(z*,d)- (I —JF(z*0,d)” " - J,F(z*,0,d) (implicit differentiation)

=V ,L(0,d)

« VyL(0,d) is the sample-wise hypergradient
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Existing INN hypergradient estimators

Approximate the sample-wise hypergradient:
(1) K: fixed point solver iterations (z* ~ =)

(2) N:inverse approximation order
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Existing INN hypergradient estimators

Approximate the sample-wise hypergradient:

(1) K: fixed point solver iterations (z* ~ x

(2) N:inverse approximation order

)

True | V,L(0,d):= | Vl(z*,d) | (I—J,F(z*)" | JF(z*)
1) AD vip = | Vil(x™) Jyx'  (backprop)

2) ID vy = w™ () (linear solve) Joy F(25)
3) Neu e = | Vil(@") BN (LF) L F ()
4) JFB vipg = | Vil(z™) I JyF (x™)
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Motivating question

Can we speed INN training by randomly truncating the number
of iterations {1, ..., K} used to approximate the fixed point?
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Motivating question

Can we speed INN training by randomly truncating the number
of iterations {1, ..., K} used to approximate the fixed point?

« Random truncation has long history: computational physics
(Forsythe & Leibler, 1950), computer graphics (Arvo & Kirk,
1990), multilevel Monte Carlo (Giles, 2015), etc.

« Recent advances in bilevel optimization:
(Beatson & Adams, 2019; Hu et al., 2024)
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Main contributions

We prove:

(1) SGM with INN hypergradient estimators achieve
O~(5_4) complexity .’

(2) RT reduces AD and JFB per-step cost from
O(loge™) to O(logloge™").

'Matches the single-level non-convex stochastic optimization lower bound (Arjevani et al., 2023).
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Random truncation (RT)

(1) Assume estimators v¥, v!, ..., v’ at increasing levels.
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Random truncation (RT)

(1) Assume estimators v¥, v!, ..., v’ at increasing levels.

(2) Choose a distribution P on {1, ..., J} withp, > 0 forall j € {1, ..., J }.
(3) Telescope and rewrite as expectation over j ~ P:

rv] - rU]_l rU] - 'U]_l

J J
v/ =00+ (0 =0 ) =0+ ) ;- — ="+ E;p .
J=1 j=1 p; D;
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Random truncation (RT)

(1) Assume estimators v¥, v!, ..., v’ at increasing levels.

(2) Choose a distribution P on {1, ..., J} withp, > 0 forall j € {1, ..., J }.
(3) Telescope and rewrite as expectation over j ~ P:

rU] S IUJ_]- 'U] J— 'Uj_l

J J
v/ =00+ (0 =0 ) =0+ ) ;- — ="+ E;p .
J=1 j=1 p; D;

(4) Define the RT estimator by replacing £, p with a single sample j ~ P:

D
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Doubly exponential sampling

Following (Hu et al., 2024):

(1) We set p,; ox 277 forje{l,..,J}

(2) We iterate k — 27 times at level j (max iterations K = 27)
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Doubly exponential sampling

Following (Hu et al., 2024):

(1) We set p,; ox 277 forje{l,..,J}

(2) We iterate k — 27 times at level j (max iterations K = 27)

= Unbiased: E; [ﬁ‘]] — o’
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Doubly exponential sampling

Following (Hu et al., 2024):

(1) We set p,; ox 277 forje{l,..,J}

(2) We iterate k — 27 times at level j (max iterations K = 27)

= Unbiased: E; [ﬁ‘]] — o’

. . ; J )
= Fewer iterations: E;[27] =377 p; -2/~ J =logy(K) < K
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Base and RT estimators

. . K K,N K,N K
Base estimators: UAD (B UNeu UIFB

. . ~J AJ7N AJaN ~J
RT estimators: (N U1p UNeu VFB
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1) Model regularity

« F'is p-contractive in z (with p < 1)

« F, | F, J,F, £, V£ all Lipschitz

« Bounded initial iterate: ||a:0 — :U*H <R

'Follows from cheap gradient principle (Griewank & Walther, 2008).
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1) Model regularity

« F'is p-contractive in z (with p < 1)

« F, | F, J,F, £, V£ all Lipschitz

« Bounded initial iterate: ||m0 — :U*H <R

2) Stochastic regularity

« Fixed-point variance: Var, (z*(6,d;)) < o3

- Sample-gradient variance: Var, |4 (V¢) < o5
« Lipschitz conditional mean and Jacobian of x*

3) Computational costs
o F' evaluation: C} operations
o Gradient evaluation: wC} operations®

'Follows from cheap gradient principle (Griewank & Walther, 2008).
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Pointwise estimator errors

For every 6 and d, each base estimator ¢ € {AD, ID, Neu, JEB} satisfies
”’U. (97 d) o VL<07 d)H < bo
where

bhp = (Cp + =5=£%)p* + (CLLy, + LyLy, ) RkpF!

N LyLp+L,L; +Cp
+ =

LJ1 Rpk

Sy = GV (S (LyLp + LyLy, ) + Cp Ly, HEHDEZNeT )
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Pointwise estimator errors

For every 6 and d, each base estimator ¢ € {AD, ID, Neu, JEB} satisfies
”’U. (97 d) o VL<07 d)H < bo

where as k, N — oo:

bhp = (Cp + =5=£%)p* + (CLLy, + LyLy, ) RkpF! 0
by 1= Cpp - “III T R -0
bpp = CrLp + (LVLF + LELJQ)RPk — CLp
B = Cup™ o+ (S (Lo Ly + LoLy,) + Gy Ly, SN Rk
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Bias and MSE bounds

For every estimator e,
Bias < b,
MSE < 2b? + 202v + o2

o
SN—— N——

hypergradient RT level-sampling
variance variance
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Convergence assumptions

Theorem (SGM convergence). Under the regularity
assumptions, for any € > 0, with hyperparameters

a = 0(e?) step size

N = O(loge™) inverse approximation order (ID, Neu)
K = ( e 1) max lower-level iterations
=0(e™*) upper-level iterations

SGM satisfies ... (next slide)
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Complexity table

Estimator Memory Operations Stationarity
AD O(log(e™1)) O(log(e~1)e™*) g2

D O(log(e™1)) O(log?(e™1)e™*) =

JFB O(1) O(log(e1)e™*) 207 p + €2
Neu O(1) O(log(e™1)e™) g2
AD-RT O(log(¢™1))  O(loglog(e™t)e™*) g
ID-RT O(log(e™1)) O(log?(e™1)e™*) g2
JFB-RT O(1) O(loglog(e 1) e™)  2CFp + €2
Neu-RT O(1) O(log(et)e™*) g

Memory excludes the shared baseline. Operations are upper bounds on the
expectation. Stationarity is the upper bound on E HVL(HT) |2.
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Preliminary experimental results
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Thank you! Questions?

We prove:

(1) SGM with INN hypergradient estimators achieve
O~(6_4) complexity:.

(2) RT reduces AD and JFB per-step cost from
O(loge™) to O(logloge™1).
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Appendix: comparison with Arjevani lower bound

Three differences between our analysis and (Arjevani et al., 2023):

(1) Cost unit. We count FLOPs; Arjevani counts gradient-oracle calls. The

coefficient of wC'x. in our FLOP expressions is the gradient-evaluation
complexity.

(2) Upper/lower gradient. Arjevani counts upper-level V,L queries; our wCl, is
for one lower-level VJP of F'.

(3) Stationarity. JFB and JFB-RT reach only (2C7 p + £?)-stationarity.
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Appendix: gradient-expectation interchange

Claim. VL(0) = E,[V,L(6,d)].

Proof. By the chain rule and fixed-point sensitivity (Model regularity),
L
1—0p

VoL (0,d)| = [V1€(z*,dy) - Jpz*(0,d,y)| < Ly - = (],

uniformly in d. Since the constant (' is integrable under P;, dominated
convergence gives

VE, [l(xz*,d)] = E [Vl(x*,d)]. O
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Appendix: generality of fixed-point problems

L(a:)iR(xz - EL—R)(:I:)zQ - EL—RJrI)(a:):ai

Solve equation Find root Find fixed point
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